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Abstract

The Sparsest 2-Spanner problem, where given an unweighted, undirected graph G = (V, E) we try to
find the smallest subgraph in which all pairwise distances are within a factor 2 of their original distances,
has been known to admit an O(log(m/n))-approximation since [12]. When we add fault-tolerance to this
problem, it is known to admit an O(logn)-approximation [9], which while independent of the amount of
fault-tolerance can be much larger than O(log(m/n)). It has been an open question whether the fault-
tolerant 2-spanner problem admits an O(log(m/n))-approximation. We partially answer this question:
for k-fault tolerant 2-spanner, we give an algorithm which is an O(log(km/n))-approximation, and under
an additional assumption (that the minimum degree in G is at least k) is an O(log(m/n))-approximation.

1 Introduction

Graph spanners are subgraphs that approximately preserve distances in graphs. More formally, they are
defined as follows.

Definition 1. A subgraph G’ of a graph G = (V, E) is a t-spanner of G if dg/(u,v) < t-dg(u,v) for all
u,v € V.

The value t is known as the stretch. In this paper we will only be concerned with 2-spanners, so we will
use “spanner” and “2-spanner” interchangeably.

Spanners were introduced by [13] and [[14] in the context of distributed computing. While spanners
have since found use throughout theoretical algorithms and in many applications (ranging from network
routing [, [16]to linear systems solving [11,15], distributed computing still forms an important setting for
spanners.

However, one important property that is not captured by this definition is the possibility of failure.
Not only does fault-tolerance introduce interesting mathematical questions, due to their close connection to
distributed computing and the prevalence of faults in distributed contexts it is particularly important for
spanners to be tolerant to failures. The basic definition, introduced by Chechik et al. [[7], is the following.

Definition 2. A subgraph G’ of a graph G = (V, E) is k-vertex fault tolerant (k-VFT) 2-spanner of G if

danr(u,v) <2-de\p(u,v)
for all F CV with |F| <k and u,v € V\ F.

We note that we could have used edge faults rather than vertex faults, i.e., let F' C E with |F| < k.
These behave differently for stretch values larger than 2 (see [5] for a discussion of the major differences),
but for stretch 2 are equivalent. For completeness, we prove this equivalence in Appendix |Al. So for the
remainder of the paper, we use “vertex fault-tolerant” and “fault-tolerant” interchangeable.

Since their introduction in [[7], fault-tolerant spanners and related objects have been studied exten-
sively [2-6,9,110]. However, the vast majority of this work has has focused on ezistential questions, particu-
larly around sparsity, where we attempt to understand the best tradeoff between stretch and size that holds



in all graphs. But for stretch values below 3, it is not possible to guarantee the existence of spanners with
subquadratic edges, even without fault-tolerance, and_so no tradeoff is possible.

This impossibility motivated Kortsarz and Peleg [12] to study the Minimum 2-Spanner problem, where
instead of trying to find a universal tradeoff we instead attempt per-instance optimization. That is, given a
graph G = (V, E), the goal is to compute the smallest 2-spanner of G (measured by number of edges). While
this is NP-hard, they showed that it could be approximated in polynomial-time to within an O(log(m/n))-
factor, where m = |E| and n = |V|. In the fault-tolerant context, the related problem of Minimum k-Fault
Tolerant 2-Spanner (given a graph, find the smallest possible k-fault tolerant 2-spanner) was introduced by [g],
who gave an O(k log n)-approximation, which was then improved to an O(log n)-approximation (independent
of k) by [9].

This leads to an obvious question: is there an O(log(m/n))-approximation for Minimum k-Fault Tolerant
2-Spanner? Or is O(logn) the best we can hope for?

1.1 Owur Results

In this paper we make the first progress on the k-fault tolerant 2-spanner problem since [J]: we give an
O(log(km/n))-approximation, and under a relatively mild assumption, that every node has degree Q(k) in
G (or even that the optimum k-fault tolerant 2-spanner has size Q(kn)), we improve this to an O(log(m/n))-
approximation. Unlike the previous algorithms for this problem [8,9], our algorithm is not based on rounding
an LP relaxation, but is purely combinatorial: we show how to modify the greedy algorithm of [12] to take
fault-tolerance into account. We also show that our analysis is tight by providing construction of a family of
graphs for which our algorithm gives exactly O(log k;" )-approximation which is based on the construction
described in [12].

2 Preliminaries

We begin with some basic notation. Given a graph G = (V, E), we will typically use n to denote |V| and m
to denote |E|. For U C V, we let E(U) = {(v1,v2) € E : v1,v2 € U} denote edges with both endpoints in
U. We let Ng(v) = {u: (u,v) € E} denote the neighbors of v in G.

Let B/ C E be a set of edges. We say v covers e = (uj,us) using edges in E' if (v,u;) € E’' and
(v,ug) € E'. We say that e = (u1,us2) is covered « times by E’ if there are at least o nodes that cover e
using edges in E’.

The following alternative characterization of fault-tolerant 2-spanners was proved in [J], and will be
particularly useful for us.

Theorem 1 ( [9]). Let G = (V,E), and let G' = (V, E’) be a subgraph of G. Then G’ is a k-VFT 2-spanner
of G if and only if e is covered k + 1 times by E’ for every e € E\ E'.

3 Algorithm

As mentioned in Section EI, our algorithm is based on modifying the greedy algorithm of [12] to the fault-
tolerant setting. In particular, one can (at least informally) think of the algorithm of [[12] as attempting to
find the “cheapest” way of covering all edges of E at least once (or including them). Thanks to Theorem [l,
we know that our goal is to essentially cover every edge at least k + 1 times.

Before formally giving our algorithm, we first set up some more notation. For S, P C EF and U C V,
denote by R(P,U) the set of edges in G induced by U restricted to P, namely, R(P,U) = E(U)N P.

Let h be a function defined from E to 2V, let P C E, denote

covg (P, h,v) = [{e € R(P, Ng(v)) : v ¢ h(e)}|

to be the number of edges in P that is covered by v using edges in G with v ¢ h(e).



Define maximum density function to be:

{ [{e € RIPU) -0 ¢ WY + X eromgs (b + 1~ [h(v,w)) }

pc(P, S h,v) = max

UCNa(v) U]

We can now formally give our algorithm, in Algorithm m After defining the algorithm formally, we
provide some intuition.

Algorithm 1 Greedy Algorithm

Input: Given a Graph G = (V, E) and Fault Tolerant Parameter k
Set HU < E; HC «+ (0; H® + ;0% « {0 : Ve € E};
while Jv € V s.t. po(HY, HS,C*",v) > 1 do

choose v = argmax pg(HY, HY, C" u);
ueV
(Let the corresponding densest subset be U,)

H + HSU{(v,u) :u € Uy};
for e € R(HY,U,) and v ¢ C°“"(e) do
cevr(e) +— C(e) U {v}
if |C¥"(e)] ==k + 1 then
HC « HC U{e};
end if
end for
HY « HY U H?,
HY « HY\ HE,
end while
return H% U HY

We now provide some intuition. Throughout the algorithm, we maintain three sets of edges: HY, H®
and HS. The set H® contains spanner edges, which means all the edges that were already added to the
constructed spanner. The set HC consists of all the edges that “have been taken care of” (which we also
refer to as “covered edges”), which means each edge in H¢ is either included H* or is covered at least k + 1
times by H”. The set HY contains all the edges that “have not been taken care of” (the “uncovered edges”):
every edge in HY is neither in the spanner, nor been covered at least k + 1 times. We maintain a function
C°" to record the set of vertices that covers each edge using H°.

Our algorithm operates by repeatedly performing the following operation. For every vertex v, we consider
the edges in R(HY, Ng(v)) (the set of uncovered edges induced by neighbors of v) that have not already
been covered by v using H®. In this graph we look for a subset U, of maximum density. Then we choose
the densest set among all the sets {U, : v € V}. If we choose U,,, then we add a star to H” consisting of the
edges between w and U,,. In this way, we cover all the edges in R(HY,U,,) (that have not been covered by
v before) one additional time using v, while adding only a small number of edges (|Uy|) to the spanner. It
is worth mentioning that we have to maintain the C**" function since the same vertex might be repeatedly
chosen, and an edge can only be covered one time by the same vertex.

Intuitively, the edge that can be covered one time by choosing w are given ”value” of 1, the edge we
add to H® (say e) can be seen as being directly covered to k 4 1 times and thus are given k + 1 — C¥"(e)
credits, so the total value we are getting toward covering edges by U, is |e € R(HY,U,) : w ¢ C(e)| +
Y veUni@wygns (k+1—1C(z,w)[) (Note that each edge can only be added to the spanner for one time,
therefore we shouldn’t give anymore credit after it’s chosen). Since we are trying to choose the most cost-
effective subset in neighbors of w, the density function is defined as above. Note that this density function
is a generalization of [12] since if k¥ = 0, then the density function described above is exactly equivalent to
the one in [12] plus a constant.



4 Analysis

Let r = (k + l)l‘%‘| and let f = logr. Denote pl; to be the maximum density achieved in iteration 7, then

since H Y is non-increasing, C°“"(e) is non-decreasing for every e € E in size at every step, we can have
pi > pgy for j > 4. We divide the iterations of the algorithm into f phases based on this density. The first

phase starts in the first iteration, and consists of all iterations where pg(HY, H®,C" v) > 5 is satisfied

when we select v. Then for i > 2, phase i consists of iterations where 2 < po(HY, H®,C" v) < 357 is
satisfied when we select v.
For the rest of the analysis, we will use the following notation:

1. V; is the set of vertices that are chosen in phase ¢
2. H? is the set of edges added to HS in phase 4, let S; = Ul_; HY
3. HY is the set of edges left in HY at the end of phase i

4. C; as the function that records the set of vertices which are covering edge e using U;e[;) H JS (edges
added to spanner in the first ¢ phases) for each e € F at the end of phase .

5. h(v) as the set of edges that are added (for the first time) to H° when vertex v is chosen in phase i
but did not exist in H* before v is chosen in phase i.

6. hT(v) as the set of edges that are covered by v using h7 (v) in phase i
7. 0 = ZUGVi{

8. Let £/ C E. An optimal k-VFT 2-spanner for E’ is a minimum subset E” C E such that every edge
in '\ E” is covered by at least k + 1 times. Let H* be the optimal spanner for G.

hE(v)| + Yeenswy(k+1—1C;(e)])} as the total times of covers in phase i

Note that in our algorithm, we pick the vertex that gives the maximum density in each iteration, which
intuitively reflects a strategy to cover the most edges while cost as less as possible to construct spanner. To
quantify how much advantage this greedy strategy takes, we will first compare the number of covers we make
with the number of edges we add to construct spanner in each iteration:

Lemma 2. For every 1 < i< f,
g;

[H|

| =

> —

7

N}

Proof. According to definition, in phase i, whenever we choose a vertex v, density p(HY, HS, C%" v) > 575
therefore, for v € V;, we have:

oi Toev M @]+ Teensk+1 - [Ci(e)))
EH Y]
_ Soen I @)1+ Seens(h +1- i)}
- S oev, 1M (0)]
IR @)+ Ycensw)(k+1—=1Ci(e)])
mm{ 03 (0)] }

veV;
T

21

Y]



Let H C E be the optimal spanner for HY, where each edge e in HY \ H} is covered at least k + 1
times. Denote G} = (V, H}). It’s easy to see that |H*| > |H|.

Define
covg: (HY , Ci,v) + D weNgs (0):(vw)gs; (K +1—Ci(v,w))
pi(v) = [N (0]
[{e € R(H{, Ng:(v)) : v & Ci(e)}| + ZweNG; ) (wwygs; (K +1—=Ci(v,w))
- |Ne: (v)]
Lemma 3. For every 1 <i < f,
piv) < 3

Proof. Note that according to our definition of density,

eERHiU,U:U Ci(e)H + 2 wet (v wes, (k+1—=Ci(v,w
B 50 Co) = e (SR 0 8 GO + g ),
UCNG;.‘(U) |U|

Therefore,
pi(v) < pa; (H] HF , Ci,v)

Meanwhile,

e€ R(HY,U):v ¢ Ci(e)}| + . (k+1—-Ci(v,w
po (HY HS . Ciyv) —  max { ( )1 v ¢ Cile)} + X er(vuwygs: ( ( ))}

UCNgx (v) |U|
|{€ € R(HZU’ U) *v ¢ Cl(e)}‘ + ZweU:(v,w)QSi (k +1- Ci(’U,’U}))
< max }
UCNg(v) |U‘
= pG(HiU7HzS’Ci’U)
<
2’L

We now prove the following claim:

Lemma 4. For every 1 <i < f,
Seemrk+1-1CD
|H*| 21

Proof. According to the definition of k-VFT 2-spanner, we can have:

Yo (k+1-1Cie)) £ Y covar (HY ,Ciov) + Y (k+1—[Cife)])

ecHY veV ecH\S;
1
— U . - — .
= " cove (HY,Coov) +5 3 S k1[G ))
veV veV uGNG; (v):(u,v)¢S;

< Z CO’UGI(HZ-U7C@U)+ Z (k+1_ |Cl((uvv))‘)

veV uENgx* (v):(u,v)¢S;



Therefore,
Seenv(b+1=1Ce)))  ,epu(h+1-|Ci(e))
(] - [H; |
ey {eov: (Y, Cov) + e umgs, (b + 1= Gl ) |

: [H;|

S vev {cov6; (HY, Ciyv) + T, (o umyes, (k + 1= [Cil(w,0))]) |
% ZUEV NGZ‘ (v)

5 max cov: (HY', Cy,v) + ZuENG: () (u)gs; (k+1=1Ci((u,v))])

veV N+ (’U)

k3

—9. ;
max p; (v)

Thus, by lemma E, we have
Seenr B+ 1-1C)
‘H*| 2i—l

Corollary 5. |‘g‘:|\ <2

Proof.

HY[= > 1< Y (k+1-|Cile)))
eEHiU eEHiU
=] _ T
|H*‘ 2i—1
|HY|
|H*|

=

= <2

Lemma 6. For every 1 <i < f,

Proof. By combining previous lemmas,
For ¢ > 1, we have:

) %o Xeeny (A 1-IGHAD 2ty
ZERNTE ] P

For ¢ = 1, we have:

2 .
|HY|  2-01  +D)IE (k+ 1)l |

[H*| — [H*| ~ Vi

Corollary 7. % = O(logr)



Proof. By lemma E,
15| L |
|H*| | H|

= 2logr = O(logr)

From Corollaries E and H, we conclude our main result.

Theorem 8. Algom'thmlj is an O(log(kTm))-appmximation algorithm for k-vertex fault tolerant 2-spanner
problem.

Now, notice that in above analysis, we only expanded r in lemma B So if we re-define r = ;—51, all above

lemmas and corollaries hold except for lemma fj and corollary H

Lemma 9. Assume G has minimum degree at least k + 1, let r = %, then for every 1 <i < f,

|
2 §2
| H*|

Proof. For i > 1, we have:

| Zeoi T eamy kH1-IGED ot s
e = S 177] N

For i = 1, we have:

= - (k+1)|E
RIS

2
* - - * S
[H*| = |[H*] (k+ D[V

Then we immediately have:

Corollary 10. Assume G has minimum degree at least k + 1, let r = |‘E7|‘, then ‘Igfl‘ = O(logr)

Combining Corollaries E and @ gives us another result.

Theorem 11. Assume the minimum degree of input graph is at least k + 1, Algom'thmlj is an O(log("*))-
approximation algorithm for k-vertex fault tolerant 2-spanner problem.

5 A Lower Bound

In this section, we provide construction of a family of graphs for which our algorithm gives exactly O(longm)-
approximation.

5.1 A Sketch of Construction

To get started, we first discuss one possible condition that our algorithm produces a huge gap. Denote
vertices with degree less than k + 1 by Vj,, vertices with degree at least k + 1 by Viign, edges with at
least one endpoint in Viey by Ejow, edges with both endpoints in Viign by Epigh. Let Giow = Viow Elow)
be low-degree subgraph, Ghrigh = (Vhigh, Enign) be high-degree subgraph. Denote |Vipw| = ni, Viign = 1,
|Eiow| = mu, |Enigh] = mp. Note that, by [I, all edges in Ej,, should be included in any valid k-VFT
2-spanner.

Let OPT},, be the optimal spanner for G;u, ALGj,, be the spanner generated by our algorithm for

Glow, OPThign and ALGl,gp are defined similarly. By El, it is guaranteed that % <log %



Now, if m; = O(n), nn = O(/nlogng), my = O(nglogny), k be poly(v/nilogn), then, log™ =
O(loglogn;), however log k = O(logn;)

Assuming our algorithm basically takes every edge in Gpigh, i.€. |[ALGhign| = O(nilogn;), and assum-
ing the gap is exactly O(log®™) = O(logn), i.e. |OPThign| = O(%) = O(ny), then, |[ALG| =
|ALGhigh| + |ALGiow| = O(nylogng) + O(ny) = O(nilogny), |OPT| = |OPThign| + |OPTiow| = O(ny), our
algorithm indeed gives a O(logn;) = O(log k) = O(log kTm) approximation instead of O(log ), and the gap
location is at the top.

5.2 Construction of Tight Example for k£ = \/n/logn
5.2.1 The Graph Gj

Based on the construction provided by [L12], we give a slightly modified graph Gj for which our algorithm
gives O(log k) approximation.

Let ¢ = 2P for an integer p. Denote ¢’ = q — 4, let U = {uy, ug,...,uy} and W = {wq, wa, ..., wy }.
Break the set U into p — 2 subsets by successive halving, letting U; contain the first  vertices, Us contain
the next { vertices, and so on. Also define two additional sets A and B, let A = Uf;LllAi where A; =
{ai(1),ai(2),ai(3),a;(4)}, let B = UM B; where B; = {b;(1),b;(2), ..., bi(p — 2)}. The vertex set is U UW U
AU B, note that the number of vertices is O(q) as long as k < 1. We shall further break each set U; into
four equal-sized subsets U;(j), for j = 1,2,3,4. We now specify the edges:

1. (Ey) For 1 <i<k+1,For1<j<4, a;(j) is connected to W UU,U,(j)
2. (E3) For1<i<k+1,Forl<j<p-—2 b(j)is connected to W UU;

3. (E3) The sets W and U are connected by a complete bipartite graph(that is, W and U are independent
sets, and every vertex of W is connected with every vertex of U

e

(E4) A and B are connected by a complete bipartite graph

5.2.2 The Approximation Ratio of the Greedy Algorithm on Gy

We shall now consider of the k-VFT 2-spanner problem on graph Gy defined above. First, we can observe
that this graph has a k-VFT 2-spanner of size O(kq) by taking the edge subsets Eq and E4. Therefore we
have that the optimal solution for Gy, is O(kq).

However, we claim our algorithm will greedily take F5 and E4, which contains O(kqlogq) edges. Our
algorithm will successively select by(1),b2(1),...,br+1(1), then b1(2),b2(2),...,bx+1(2),...,and at last bi(p —
2),ba(p —2),...,bg+1(p — 2) and add all the edges incidents on these vertices.

Claim 12. The first k vertices to be selected by our algorithm is by(1),ba(1), ..., bg+1(1)

Proof. Let us first compute bounds of density for every v in the initial situation. Consider a vertex v € AUB,
and denote its corresponding densest subgraph by U,,, then the density p(HY,(, C,v) can be represented by:

|E(U)| + (k+ 1)|U,|
U]

p(HU7®707v) =

_EW,)|

+hk+1
U]

which is exactly the density described in [12] plus a constant term. Since for any 1 < j < 4, a1(j), a2(j)-.., ax+1(J)
shares the same neighbors, therefore

p(HU7®aCa al(])) = p(HU7®’C7 a2(])) = = p(HU,@,C, akJrl(j))



forany 1 < j <p—2,b1(J),b2(4)...,br+1(J) shares the same neighbors, therefore
p(HUa®7Ca bl(.])) = p(HU7®707 b2(j)) = = p(HanaCa bk+1(j))

Thus it follows from Claim 5.2 in [[12] that the first vertex selected by our algorithm belongs to {b1(1), b2(1)..., br+1(1)},
and the densest subgraph is the entire neighborhood.

W.L.O.G. Suppose the first vertex selected by our algorithm is b;(1). Now, since the edges between
Uy and W are only covered once, so the maximum density of ba(1),b3(1),...,bk41(1) remains the highest.
Therefore, ba(1),b3(1), ..., br11(1) are successively selected in the following iterations. O

At the end of the k4 1-th iteration, the situation becomes somewhat simpler. The edges between
ba(1),b3(1), ..., bgr1(1) with A, W and U; are already spanned, all edges between W and Uj, between A and
W, between A and U; are covered k + 1 times and are thus been taken care of. Inductively, it follows by
arguments similar to the above that

Claim 13. For 1 < j < p—2, in the j + i-th iteration, where 1 <1i < k+ 1, the vertex b;(j) is chosen by
our algorithm and all the edges adjacent edges are added to the spanner.

Combined with @, we conclude:

Lemma 14. On graph Gy, the approzimation of our algorithm is O(log q)=0(log k)

Now, we take k to be ﬁ. Then our algorithm takes O(g?) edges and optimal solution takes O(%).
Then since every vertex has more than k degrees in this graph, we immediately have:

Lemma 15. By plugging Gy, into the high degree subgraph of the example described in , our algortihm
gives O(log km

) approzimation ratio on this graph, where k = o

n logn *
Now We are going to generalize this example for both k& > 1ogn and k < 1ogn cases.

5.3 Construction of Tight Example for General &

5.3.1 A Fact when k > poly(m/n)

Before we get into construction, let us first make a simple observation.

Lemma 16. If k > poly(m/n), then k is upper bounded by O(,/n)

Proof. Since |Ejow| > [Viow| and [Enign| = & - (k+1) - [Vaign| = 2 - (k+1) - (n — [Viow|). Therefore we have

a lower bound for the total number of edges in the graph,

1
(k1) =5 (k= 1) View|

N =

m = |Ehigh| + ‘Elow| Z
Let k > %(%)O‘, a could be arbitrarily large, 8 could be arbitrarily small. Then, m < Bkin. Thus we have

ke
|W0w| > (1—2ﬂ7)n

At the mean time,
1

ko
k< |Vhigh|:n7|‘/low| <2ﬂ?n

1

= k< (26n)2’é =0(n?=)

Therefore, when k > poly(™), k is upper-bounded by O(y/n) O



5.3.2 Construction of General Counterexamples

For k >
in low-degree subgraph be m; = O(n), the number of vertices in high-degree subgraph be y/n - log®n, where

« is a parameter, the number of edges in high-degree subgraph be n - log?*n. Then m = O(n - log?®n).
Therefore,

logn, let the number of vertices in the low-degree subgraph be n; = O(n), the number of edges

log % = O(loglogn)
By directly plugging G, described in EI in the high-degree subgraph and make k to be:

 Jidogn
= Toa(yr logam) ~ OVt

Lemma 17. Our algorithm gives O(logk?—:") approximation on this graph

n)

Proof. Our algorithm will take:
|ALG| = O(n) + n - log**n = O(n - log** n)
While the optimal solution would be:

n-log?*n
log(v/n - logon)

Therefore, the approximation ratio of our algorithm is:

|OPT| = O(n) + = O(n -log** ' n))

|ALG|
|OPT]

= O(logn) = O(logk—m) >> O(loglogn) = log m
n n

O

Note that k£ =

when a = 1/2, then k gets bigger when a grows. Since k is bounded by O(y/n)

log n

n
logn "

when k > poly (%), this family of graph is a general counterexample for the case k >
For k < | /@, let n; = O(n), m; = O(n), let the high-degree subgraph described in EI be x duplication

of Gy, where each G}, contains \/m vertices, therefore, n;, = /2 log .y =+ nlogn, m, = ”log" Lx =
nlogn. Take k to be:

nlogn

/nlogn v .’L’lOgTL

log % = O(loglogn)

Then m = O(nlogn), n = O(n),

Lemma 18. Our algorithm gives O(logkr—’zl) approximation on this graph

Proof. Our algorithm will take:
|[ALG| = O(n) + O(nlogn) = O(nlogn)
While the optimal solution will take:

nlogn

PT| = _—
OPT] O(n)+0(log\/x-nlogn

) =0(n)

10



So the approximation ratio of our algorithm is:

|ALG|
|OPT|

O(logn) = O(logk%n) >> O(loglogn) = log %

O

Note that k =,/ 1ogn when = 1, which degenerates to our counterexample in @ By making x bigger,

n

k turns smaller. Therefore, this family of graph is a general counterexample for the case k < a7

This construction builds a general counterexample for our algorithm and implies the analysis of O(log kTm)
approximation ratio bound is tight.

Lemma 19. Our algorithm gives O(log%) approximation on the family of graph described in section 5
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A Equivalence of Vertex and Edge Fault-Tolerance

Now we prove edge fault setting is equivalent to vertex fault setting for stretch 2.

Definition 3. A subgraph G’ of a graph G = (V, E) is k-edge fault tolerant (k-EFT) 2-spanner of G if
danr(u,v) <2-de\p(u,v)
for all F C E with |F| < k and u,v € V.

Theorem 20. Let G = (V, E), and let G' = (V, E’) be a subgraph of G. Then G’ is a k-VFT 2-spanner of
G if and only if G’ is a k-EFT 2-spanner.

Proof. Let G’ be a k-VFT 2-spanner of G. Given arbitrary edge fault set F C E with |F| < k. Let (u,v) € E,
consider any edge e = (p,q) that lies on the shortest path between v and v in G\ F. If e € E' \ F, then
denr(p,q) = 1, otherwise, by [ll, e is covered k + 1 times by E’, so there is at least one path of length 2
between p and ¢ in E'\ F. Thus dg r(p, q) < 2. Therefore, the shortest path between v and v is distorted
by at most 2, i.e. dgn p(u,v) < 2-dg\p(u,v), which indicates G’ is a k-EFT 2-spanner of G.

Let G’ be a k-EFT 2-spanner of G. For the sake of contradiction, assume 3(u,v) € E such that (u,v) ¢ E’
and (u,v) is covered at most k times by E’, denote the vertices that covers (u,v) using edges in E’ by
w1, Wa, ..., W, where x < k. Then if we take edge fault set F' C F to be {(u,w;) : ¢ € [z]}, in the remaining
graph G’ \ F there is no u — v path, while in G \ F the edge (u,v) exists. Thus G’ is not a k-EFT 2-spanner
of G, giving the contradiction. Therefore, for every (u,v) € E, either (u,v) € E’ or (u,v) is covered at least
k + 1 times by E’, which indicates G’ is a k-VFT 2-spanner of G. O
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